Abstract. In this paper, we study effective, nef and semiample cones of surfaces isogenous to a product of mixed type with pg = 0. In particular, we prove that all reducible fake quadrics are Mori dream surfaces.
Introduction
Effective, nef, semiample cones and Cox rings of algebraic varieties are fundamental invariants in birational geometry. Hu and Keel proved that varieties having finitely generated Cox ring are ideal objects in birational geometry in [HK00] . They called those varieties Mori dream spaces. After their work there have been intensive investigations about Cox rings and Mori dream spaces, see [ADHL15] and references therein for more details. Most examples of Mori dream spaces that have been studied are varieties having non-positive Kodaira dimension. However the theory of Cox rings can be applied to wider classes of varieties. For example, it turns out that there are many examples of Mori dream surfaces of general type with p g = 0 (cf. [KL19] ), e.g. every fake projective plane is a Mori dream surface.
In this view point, fake quadrics are interesting objects since they have small Picard number but their geometry is rather mysterious so far. All known examples of fake quadrics can be divided into two classes: reducible or irreducible fake quadrics. Reducible fake quadrics are surfaces isogenous to a product: a surface S is isogenous to a product (of curves) if there exist compact Riemann surfaces C 1 , C 2 of genus g(C i ) ≥ 2 and a finite group G ≤ Aut(C 1 × C 2 ) acting freely on the product C 1 × C 2 such that S = (C 1 × C 2 )/G (see [Cat00] ). In the recent years there has been intensive works on those surfaces birational to the quotient of the product of two curves by the action of a finite group. We refer to [CF18, Pig15] and the references therein for a recent and detailed account on it.
Surfaces isogenous to a product divide naturally into two types: unmixed if G acts diagonally on the product, mixed if there are elements of G which exchange the two factors. Every surface isogenous to a product of unmixed type with p g = 0 carries two natural fibrations onto P 1 , and one can use these fibrations to show that these surfaces are Mori dream surfaces, see [KL19] .
In this paper, we study effective, nef and semiample cones and finite generation of Cox rings of surfaces isogenous to a product of mixed type with p g = 0. These surfaces have been completely classified in [BCG08, Fra13] and form 5 irreducible connected components in the moduli space of minimal smooth complex projective surfaces with χ = 1 and K 2 = 8. We use their explicit group theoretic description and the geometric structure arising from the construction to obtain the following result.
Theorem. Let S be a surface isogenous to a product of mixed type with p g = 0. Then S is a Mori dream surface and Eff(S) = Nef(S) = SAmp(S).
Therefore we prove that all reducible fake quadrics are Mori dream surfaces. We raise the question whether every fake quadric is a Mori dream surface or not.
Let us briefly explain our strategy to study geometry and divisors of surfaces isogenous to a product of mixed type. Let S = (C × C)/G be a surface isogenous to a product of mixed type. Studying divisors on S is equivalent to studying G-invariant divisors on C × C. Therefore, we want to construct several G-invariant divisors on C × C in order to get divisors lying on extremal rays of effective, nef and semiample cones of S. To construct G-invariant divisors on C × C in a systematic way, we will use the following construction. Let H be a subgroup of Aut(C). For each h ∈ H, let us consider the graph of the h-action ∆ h = {(x, hx)|x ∈ C}. If G 0 < H (see Definition 2.1), then the group G acts on the set {∆ h |h ∈ H}. From the G-orbits of this set of graphs, we obtain several G-invariant divisors on C × C, which descend to effective divisors on S. We call these divisors orbit divisors induced by H. Because we can compute the intersection numbers of these G-invariant divisors on C × C, we can compute intersection numbers of the orbit divisors and then determine the location of the orbit divisors in N 1 (S). By analysing the orbit divisors and their intersections case by case, we obtain the above result. When the curve C is a covering of P 1 branched over 5 points, taking H = G 0 is enough to contruct extremal rays of Eff(S), Nef(S) and SAmp(S). In the cases where the curve C is a covering of P 1 branched over 3 points, it is not enough to consider the automorphisms in G 0 , because we get only one vector in N 1 (S). Our idea is then to lift the symmetries of the configuration of 3 points and show that Aut(C) has a subgroup H bigger than G 0 .
The paper is organized as follows: in Section 1 we recall basic definitions and facts on effective, nef, semiample cones and Mori dream spaces. In Section 2 we recall the definition of surfaces isogenous to a product and the above mentioned classification. Section 3 is devoted to explaining the construction of orbit divisors and to the proof of the main theorem. Notations. We work over C. We denote by Z n the cyclic group of order n, by D n the dihedral group of order 2n, and by D p,q,r the group x, y | x p = y q = 1, xyx −1 = y r . When G is an abelian group, then G R (resp. G Q ) denotes G ⊗ Z R(resp. G ⊗ Z Q).
We write D 1 ≡ D 2 (resp. D 1 ∼ num D 2 ) to denote that the divisors D 1 and D 2 are linearly (resp. numerically) equivalent. The rest of the notation is standard in algebraic geometry.
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Mori Dream Surfaces
In this section we collect several definitions and facts about effective, nef and semiample cones of algebraic surfaces. Definition 1.1. Let X be a normal projective variety and D be a Weil divisor on X. We denote by Bs|D| the base locus of |D|, and by B|D| := ∞ n=1 Bs|nD| the stable base locus of |D|.
(1) The divisor D is semiample if Bs|nD| = ∅ for some positive n ∈ Z. The semiample cone SAmp(X) ⊂ N 1 (X)(= Cl(X) R / ∼ num ) is the convex cone generated by semiample divisors. (2) The divisor D is movable if B|D| has codimension at least 2. The movable cone Mov(X) ⊂ N 1 (X) is the convex cone generated by movable divisors. (3) The nef cone Nef(X) ⊂ N 1 (X) is the convex cone generated by nef divisors. (4) The effective cone Eff(X) ⊂ N 1 (X) is the convex cone generated by effective divisors.
. Let S be a smooth projective surface with q(S) = 0. Then we have the following inclusions.
Let us recall the definition of Mori dream space. (1) X is Q-factorial variety with finitely generated Picard group Pic(X), i.e. h 1 (X, O X ) = 0, (2) the nef cone of X is generated by finitely many semiample divisor classes, and (3) there are finitely many birational maps φ i : X X i , 1 ≤ i ≤ m which are isomorphisms in codimension 1, X i are varieties satisfying (1), (2) and if D is a movable divisor then there is an index 1 ≤ i ≤ m and a semiample divisor
In dimension two there is a simpler criterion to decide whether a surface is a Mori dream space. Remark 1.6. Since for surfaces the nef cone is dual to the closure of the effective cone, if Eff(S) is a rational polyhedral cone then Nef(S) is also a rational polyhedral cone. In this case, it is sufficient to prove that extremal rays of Nef(S) are semiample to prove that S is Mori dream space.
1.1. Cones of fake quadrics.
Definition 1.7. Let S be a smooth minimal surface of general type. We call S a fake quadric if the Hodge diamond of S is the same as the Hodge diamond of a smooth quadric, i.e. p g (S) = q(S) = 0 and K 2 S = 8. Fake quadrics are interesting objects since they have small Picard number (hence become the first nontrivial test cases) but their geometry is rather mysterious so far: unlike the fake projective planes, we do not know how to classify fake quadrics and whether all fake quadrics are Mori dream spaces. 
In particular, S is a Mori dream surface and does not have a negative curve.
Proof. Using the above intersection data and since ρ(S) = 2, we can take 
, and we have the following inclusions.
It follows that Nef(S) = SAmp(S) = R ≥0 D 1 , D 2 . By taking duals, we get Eff(S) = R ≥0 D 1 , D 2 and we obtain the desired conclusion by Corollary 1.5.
Surfaces isogneous to a product
An important class of fake quadrics are surfaces isogenous to a product with p g = 0.
Definition 2.1. A surface S is isogenous to a product of curves if there exist compact Riemann surfaces C 1 , C 2 of genus g(C i ) ≥ 2 and a finite group G ≤ Aut(C 1 × C 2 ) acting freely on the product C 1 × C 2 such that S = (C 1 × C 2 )/G. Let G 0 := G∩ (Aut(C 1 )× Aut(C 2 )) be the subgroup of G of elements that do not exchange the factors. If G 0 = G the action of G is called unmixed, otherwise mixed, in the latter case C 1 ∼ = C 2 =: C and G 0 ⊳ 2 G. Remark 2.2. i) By [Cat00, Proposition 3.13] we may assume (and we do!) that the action is minimal, i.e. G 0 acts faithfully on both factors.
ii) It follows from the definition that a surface isogenous to a product S is a smooth minimal surface of general type with invariants (see [Cat00, Theorem 3.4])
and q(S) = g(C 1 /G) + g(C 2 /G) in the unmixed case, and q(S) = g(C/G) in the mixed case. iii) Surfaces isogenous to a product have been studied by several authors, and we have nowadays a complete classification for p g = q, i.e. K 2 = 8 (see [BCG08, Fra13, CP09, Pen11] ).
iv) In [KL19, Lemma 3.6] Keum and the second author showed that surfaces isogenous to a product of unmixed type with p g = 0 are Mori dream spaces, giving a description of their effective, nef and semiample cones.
From now on we focus on the mixed case. We have the following description of minimal mixed actions: Proposition 3.16] ). Let G be a finite subgroup of Aut(C) 2 ⋊ Z 2 whose action is minimal and mixed. Fix τ ′ ∈ G \ G 0 ; it determines an element τ := τ ′2 ∈ G 0 and ϕ ∈ Aut(G 0 ) defined by ϕ(h) := τ ′ hτ ′−1 . Then, up to a coordinate change, G acts on C × C as follows:
Conversely, for every finite subgroup G 0 < Aut(C), extension group G of degree 2 of G 0 , fixed τ ′ ∈ G \ G 0 and τ, ϕ defined as above, (2.1) defines a minimal mixed action on C × C.
The description of surfaces isogenous to a product is accomplished through the theory of Galois coverings between projective curves (cf. 
In this case g ′ is the genus of the quotient Riemann surface C ′ := C/H and the H-cover C → C ′ is branched over r points {x 1 , . . . , x r } with branching indices m 1 , . . . , m r , respectively. Moreover, the stabilizer set of V , defined as
coincides with the subset of H consisting of the automorphisms of C having some fixed points.
According to [BCG08] , a surfaces isogenous to a product of mixed type (C × C)/G determines and is determined (using the Riemann Existence Theorem) by: a finite group G, an index 2 subgroup G 0 , a generating vector V for G 0 of type [g ′ ; m 1 , . . . , m r ], such that: i) Σ V ∩ ϕ(Σ V ) = {1 G } (i.e. no isolated fixed points); ii) there are no g ∈ G \ G 0 , such that g 2 ∈ Σ V (i.e. no fixed curves); and r points on C ′ := C/G 0 . Hence each surface isogenous to a product of mixed type depends on 3g ′ − 3 + r parameters and to classify surfaces isogenous to a product is equivalent to classify groups with the right properties. This algebraic description has been used in [BCG08, Fra13] to obtain the following classification.
Theorem 2.6 ( [BCG08, Fra13] ). Let S := (C × C)/G be a surface isogenous to a product of mixed type with p g = 0. Then S belongs to one of the 5 families in Table 1 .
Moreover, each entry in the table gives an irreducible connected component of dimension D in the moduli space of minimal smooth complex projective surfaces with χ = 1 and K 2 = 8. 2.1. Extra Automorphisms. Let us consider families 2-5 in Table 1 . In these cases S is uniquely determined by G and a generating vector for G 0 of type [0; 4 3 ], because these last 2 data determine a unique (up to isomorphism) curve C, being the covering c 1 : C → C/G 0 = P 1 branched over 3 points. We claim that Aut(C) is much bigger than G 0 .
We may assume that c 1 is branched over generating vector (a, b, c) .
In this section we explain how to construct effective divisors on a surface isogenous to a product of mixed type.
Let S := (C × C)/G be a surface isogenous to a product of mixed type and let η : C × C → S be the quotient map. For f ∈ Aut(C) we denote by ∆ f its graph:
Proof. The statement is a straightforward computation using the formula (2.1):
Let H be a subgroup of Aut(C) containing G 0 : G 0 < H < Aut(C). By Lemma 3.1, the G action on C × C induces an action on the set {∆ f | f ∈ H}, whose orbits yield distinct effective divisors on S: let f ∈ H and consider all the curves of the form γ(∆ f ) with γ ∈ G, their sum (taken with the reduced structure) gives the effective divisor
where n is the index of the subgroup {γ | γ(∆ f ) = ∆ f } ⊂ G. The divisorD is G-invariant, so it yields an effective divisor D := η * (D) red on S, andD = η * D. We call D the orbit divisor induced by f . Note that D is irreducible, as the image of an irreducible divisor:
) red be two distinct orbit divisors on S induced by f and f ′ respectively. Then
Proof. Using the projection formula we get immediately the first formula and the equation
The values ∆ 2 f i can be easily computed using the adjunction formula
where F 1 , F 2 are the general fiber of the projection respectively onto the first and the second coordinate. Since η isétale, K C×C = η * K S and the third formula follows.
Lemma 3.3. Let f 1 = f 2 ∈ Aut(C), then ∆ f 1 and ∆ f 2 intersect transversally.
Proof. The curves intersect in points of the form (x, f 1 x) = (x, f 2 x), i.e, f −1 1 f 2 ∈ Stab(x). Up to acting by the automorphism α : By Lemma 3.3, to determine ∆ f 1 .∆ f 2 = |∆ f 1 ∩ ∆ f 2 |, it is enough to count the number of points on C fixed by the automorphism f −1 1 f 2 ∈ H. This can be done using the Riemann Existence Theorem for the covering C → C/H. Here we use the notation of Theorem 2.5 and we denote by K j := h j the stabilizer of a point in the fiber over x j ∈ C/H, and by 1 A (·) the indicator function of the set A.
Lemma 3.4. The number of fixed points of the non-trivial automorphism f ∈ H is:
Proof. By the (proof of) Riemann Existence Theorem, the fiber of x j ∈ C/H is in 1-1 correspondence with the cosets {gK j } g∈H . So f ∈ H fixes the point gK j (=: y) if and only if f ∈ gK j g −1 (= Stab(y)).
Since every coset has |K j | = m j representatives, the sum g∈H 1 gK j g −1 (f ) equals m j -times the number of fixed points over x j .
Theorem 3.5. Let S be a surface isogenous to a product of mixed type with p g = 0. Then Eff(S) = Nef(S) = SAmp(S). In particular S is a Mori dream surface and does not have a negative curve.
Proof. We prove the statement case by case, applying the machinery explained in the previous section to a suitable automorphism group H: G 0 < H < Aut(C).
Family 1: The surfaces S are determined by the group G := G(64, 92), the subgroup G 0 := G(32, 46) and a generating vector for G 0 of type [0; 2 5 ] giving a curve C. As automorphism group H we consider the group G 0 .
The MAGMA script in Appendix A shows that the 32 curves ∆ f , f ∈ H induce 4 distinct orbit divisors on S, whose intersection products are: Families 2-5: In these cases S is uniquely determined by G and a generating vector for G 0 of type [0; 4 3 ], because these last 2 data determine a unique (up to isomorphism) curve C. By discussions in Section 2.1, the group H := G(768, 1085341) acts as automorphism group on C and G 0 ⊳ 6 H.
In Case 2 (in the other 3 cases we have an analogous output) the 768 curves ∆ f , f ∈ H induce 15 distinct orbit divisors on S, whose intersection products show that: 
